Abstract: Construction of a prototype Single Sided Linear Induction Motor (SLIM) is not possible taking stator and rotor width to be infinite because the formation of stator winding is not possible without the overhang. Also the current path in the rotor sheet cannot be made of closed type until and unless rotor width is finite. This study takes into account, the finite width effects of both stator and rotor but ignores the discontinuity of the rotor in the longitudinal direction. The finite width effects in a SLIM are analyzed using special mathematical tools such as Hankel Function for faster numerical convergence. The basic difficulty in formulating such problem, based on electromagnetic field theory applications, is to calculate the induced current in the rotor sheet, which is electrically decoupled from the stator winding system. It is also known that currents in the rotor sheet are generally computed, based on the fact that current cannot escape the sheet. Therefore, the divergence of rotor current density being zero calls for introduction of a field quantity "Stream Function". The present paper uses stream function effectively for tackling the above said difficulty. The results presented in the study are compared with the values of a model with stator and rotor of finite width. Such comparison results can help a designer to decide a finalized value of stator and rotor width.
INTRODUCTION
Single Sided Linear Induction Motor (SLIM) is widely used in transportation system and other fields in need of linear drive which can obtain the thrust without gears and links, or auxiliary mechanisms. Bulk of literature deals with the double-sided, short primary and long secondary Linear Induction Motor (LIM) which is considered as one of the most suitable means of propulsion for high speed ground vehicles (Laithwaite, 1966) . However, vehicles provided with these LIM's cannot provide good lift force because the strong attraction forces between primary and secondary iron dominates over the repulsive forces between primary winding and secondary conducting sheet (Nasar, 1976) . Good amount of lift and propulsion can be obtained by using SLIM with long primary and short secondary (Chattopadhyay, 1997; Venkataratnam and Chattopadhyay, 2002) . SLIM with short primary and long secondary consisting of a conducting plate lying on solid or laminated back iron has been analysed by many (Boldea and Babescu, 1978; Freeman and Lowther, 1973; Lipkins and Wang, 1971; McLean, 1988) . But because of the discontinuity of the magnetic field in SLIM, they have special characteristics and inherent problems. Edge effect is one of the major phenomenons that makes the analysis and design of these motors difficult (Ham et al., 2009) . Finite Width Effects have been analyzed by Preston and Reece (1969) the work presented in Han et al. (2008) is a field theory approach because original formulations have been done in terms of vector potential. However dynamic characteristics have not been dealt in detail. Analysis presented in Yang et al. (2008) appears to be more helpful for a designer as it is based on circuit theory approach. It is well known that numerical methods in computational techniques becomes very much helpful to a researcher or designer when the electromagnetic field equations are applied to a full electrical machine or parts of electrical machines in the proximity of iron boundary. Such philosophy leads to partial differential equations or integro-differential equations formulation in the area of electrical machines, drives or magnetic. As realistic iron boundaries are involved in such formulations, closed form equations becomes very difficult to build up and hence the concerned analytical solutions are also rare. Such situations can be tackled efficiently using tools under numerical methods such as finite difference method, finite element method etc. In such context the companion paper (Dos Santos et al., 2001 ) draws the attention of researchers. In such paper the mathematical model has been developed from the view point of circuit theory and hence equivalent circuit is feasible. But finite element method has been applied efficiently to the system to calculate the propelling force which is generally considered to be one of the major components of electromagnetic forces. The dynamic end effects of a Linear Induction Motor [LIM] are needed to be calculated with much accuracy for the betterment of the design process. The concept of state space vector model of a Lim can be applied to calculate the net axial thrust including the end effect braking force (Pucci, 2014) . For practical application of a particular LIM as a component of machine drives needs for the clear cut declarations of the machine design parameters. Such parameters if needed are to be calculated becomes cumbersome job. Alternately parameter identification can be done based on input, output data. Exactly this type of work has been reported by Alonge et al. (2014) . The present paper analyses the transverse edge effects in a SLIM using field theory approach. The results regarding the electromagnetic forces presented in this study can be compared to a realistic model with stator and rotor of finite width. In a practical machine the width of the stator winding as well as the width of the supporting back iron must be finite. The width of the rotor sheet placed over the stator winding of finite width can be made very large but it has no practical advantage beyond certain extent. From the experimental results, it is observed that the rotor width should be approximately equal to stator width including winding overhang for good performance. Therefore the rotor width is also finite. Length of the rotor sheet should also be finite because concept of infinite length is absurd. But to analyse the problem in stages, a rotor of infinite length and finite width is considered in the present paper. With reference to Fig. 1 , we propose to calculate:
 The field at any point in free space due to the stator winding having a sinusoidal distribution of linear current density along the length  The induced currents in the rotor sheet considering the field due to stator as well as the rotor currents  The propulsion, levitation and lateral forces on the rotor
The coordinate system is fixed relative to the rotor, the origin being placed just above the stator surface. The rotor is assumed to be thin and lying parallel to x-z plane at a height h from the stator surface. It is also assumed that the stator back iron of width Ws, is assumed to be infinitely permeable and perfectly laminated.
MATERIALS AND METHODS
Formulation for the field due to stator current sheet: As the stator winding has finite width, the stator current will have not only the axial component of the linear current density, (which would have been the only component for a stator winding of infinite width) but also the peripheral component of linear current density, . The latter component may be viewed as one due to the end current of a winding having overhang. From the physical considerations, the axial component of linear current density can be assumed to be constant over the stator iron width. For diamond shaped coils, the variation of with the overhang width can be considered as linear. Therefore, in a coordinate system fixed to the rotor, (Ratnam and Chattopadhyay, 1996) can be expressed as:
( 1) where, = Peak value of stator linear current density = Supply frequency in rad/sec / 
where, C = Stator overhang length (in z direction)
W = Width of the stator iron block W = Offset of the rotor sheet (widthwise) with respect to the stator:
It is necessary to assume certain amount of offset for the rotor (W0) with respect to the stator to enable calculation of the lateral force. The continuity equation of the current in the stator winding can be expressed as:
As an infinitely long three phase balanced distributed stator winding fed by three phase balanced currents can be represented by a current sheet having a sinusoidal current distribution along the length and with respect to time, like expressed in Eq. (1): can also be expressed as (8) = The function of z only.
From Eq. (1) and (8) we have:
′ is the derivative of with respect to z. Eq. (7) (9) and Eq. (10) yield:
From Eq. (8), (11) we can express:
Vector potential due to stator current: The vector potential due to stator current at any field point (x', y', z') can be expressed as:
Is the distance of the field point (x', y', z') from the source point (x, 0, z). The effect of stator iron is taken into account by considering the 'image' of over the width of the iron block, W , which will contribute an additional component vector potential given by:
The image of is not taken into account as it flows in the overhang beyond stator iron width. Thus the vector potential at any field point: (16) Based on Eq. (13) and (15), we have and : (17) and (18) involve an integral which can be rewritten using Eq. (14) as:
On simplification by contour integration method (Details given in Appendix-1) we finally get:
The integral on the R.H.S of Eq. (19) can be written as Preston and Reece (1969) and Pucci (2014) :
where, is the Hankel function of the zeroth order of the first kind. The numerical evaluation of this integral is much faster as compared to that of the original integral in the L.H.S of Eq. (19). Based on Eq. (16), (17), (18) and (19) the net vector potential , at any field point due to the stator current can be expressed as:
The integration over 'z' can be carried out numerically without any further transformation because of the finite limits of 'z'.
From the vector potential expressed in Eq. (20), the flux density vector at any field point can be computed numerically using the relation . Numerical algorithms are presented in later sections.
Formulation for current and fields in the rotor sheet: With reference to Fig. 1 , the rotor sheet is placed parallel to the surface of the stator with its longitudinal edges running parallel to the length of the stator. As the rotor sheet is of finite width like the stator, the induced currents in the sheet must have a closed path. Therefore the axial component of the rotor current density ( ) must gradually turn into peripheral current density . The rotor sheet has small thickness and hence it does not allow any normal component of current density, , to flow. In other words, the rotor current is planar in nature. At any instant, in the sheet, divergence of the current density must vanish to maintain continuity of current flow. Therefore we can write:
As divergence of curl of any vector is zero, can be expressed in terms of stream function as: (22) As planar current flows in the sheet, the stream function possesses only one component, , normal to its surface:
.
As 0 and does not vary with y, hence . 0:
and where is the electric field vector and is the conductivity of the rotor sheet material:
where, is the total flux density (normal to the sheet) at the field point (x', y', z') on the sheet. As ′ ′ has a sinusoidal variation with respect to time, we can write: (24) and (27), we obtain (Nasar, 1976) :
As the rotor sheet is of infinite length, like stator linear current density components, rotor linear current density components also will have sinusoidal variation in the longitudinal direction. Therefore at any point (x', y', z') in the sheet, is:
where, 
where, W is the width of the rotor sheet. The boundary conditions indicate that current cannot escape from the rotor sheet along its width. ′ ′ in Eq. (33) can be obtained as:
where, is the normal component of the flux density due to the stator current sheet (obtained as explained at the end of above section) and is the normal component of flux density due to the rotor current taking into account the proximity of stator iron. The formulation and calculation of is presented in following section.
Vector potential due to rotor current: The vector potential, at any field point (x', z') in the rotor sheet due to currents in the same sheet, taking into account the proximity of stator back iron is given by:
where, x x' z z' and x x' z z' 4 y ′ where, y ′ is the height of the rotor sheet above the stator surface. With reference to Eq. (37) and Eq. (38), and are the vector potentials due to rotor current and its image over the stator iron width respectively. and are the longitudinal and lateral components of the rotor sheet. Vector potential due to rotor currents has similar expressions as those due to stator current, except that the rotor current density components are unknown unlike the components in the stator winding. Hence:
;
where, , are the rotor current density components (in A/m 2 ) and ′ ′ is the thickness of the rotor sheet.
From the relation and can be expressed as:
; (40 
Based on Eq. (36), (37), (38), (43), x', z' can be written as:
(46) The infinite limit integrals appearing in Eq. (45) and (46) can be reduced again by the method of contour integration, similar to the method followed in above section. (For details refer Appendix-1). Thus and can be simplified to the expressions given by: Step 1 : The rotor sheet is discretized along its width (in z-direction) into a large number of elements each of width 'dz'. Discretizing the rotor sheet along the length (in the xdirection is not necessary). The coordinates of the grid point along the width are noted.
Step 2 : Calculation of flux density ( ) due to the stator current:
Rearranging the expression for the vector potential due to stator current sheet, in Eq. (20), we obtain, for a fixed value of ′:
where,
The flux density at any point due to the stator current can be expressed as:
The grid points obtained after discretizing the sheet are used to calculate and then ′ using Eq. (49) and (53). The required numerical differentiation has been carried out by forward difference method. Thus a column matrix [ is formed.
Step 3: Calculations of normal component of flux density due to rotor current, .
The expression for the component of vector potential, and , at any point in the sheet due to rotor current, can be rewritten, based on Eq. (47) and (48) respectively, as:
The above expressions are again discretized and the following matrix equation can be obtained: (58) (59) where, the elements of matrices and are known in terms of , and grid point coordinates. The column matrices , , and have for their elements, the corresponding values at the grid points.
Step 4: Using the central difference method, the matrix can be expressed as: (60) where, is the coefficient matrix in terms of the grid coordinates along the z-direction. While forming the matrices, the boundary lines of the rotor sheet along its width are considered as 0 lines for satisfying the conditions in Eq. (40) connected with the differential Eq. (33)
Step 5 : Substituting for from Eq. (60) in (58), can be expressed as:
= (61) where,
Step 6 :
where, and are functions of only:
where, is a function of only. From Eq. (62) and (63) we can write: (64) After discretizing the expression for in Eq. (64), we obtain a matrix equation: (65) Step 7: Using the forward difference method we can write:
where, is a known coefficient matrix. Substituting for from Eq. (61) in (66), we obtain: (67) where,
Step 8 : Based on Eq. (59), (65) and (67) we obtain the expression for as: (69) where, is the coefficient matrix given by
Step 9 : With reference to Eq. (33), we can express as a column vector where:
Discretizing the L.H.S of Eq. (33) matrix:
where, the coefficient matrix LAPLACIAN is expressed in terms of the discretized forms of the second order differential operators. From Eq. (64), (70) and (71) we have:
Step 10 : Substituting for from Eq. (69) in (72), we obtain:
From we can find using Eq. (69)
Step 11: Calculation of and components, the longitudinal and lateral components of flux density in the rotor sheet due to both rotor and stator current are and :
; (74) where, , are the components of flux density due to the stator current sheet and , are the components of flux density due to rotor current. As the rotor sheet is of infinite length, 2 and at any field point for a fixed value of can be expressed as:
Since , the flux density components will also have a sinusoidal distribution with respect to length. Therefore: (77) Step 12: If the rotor sheet is placed parallel to the stator surface at a height from the later, by the method of central difference and at that height can be calculated as:
where, the symbol (i) denotes the (i-th) discretized point in the z-direction. For obtaining the mean values of the flux density components, and , in a thin rotor sheet ∆ ,where is the thickness of the rotor sheet.
Step 13: For calculation of and , we calculate for a particular height of rotor sheet above the stator surface. From , and are calculated from Eq. (59) and (61). Hence we can express:
Again we can take ∆ , where is the thickness of the rotor sheet. It is to be noted that and have a discontinuity across the rotor sheet. The values calculated above give the average values at the top and bottom surface of the rotor.
Calculation of forces:
Once the fields and currents in the rotor are known, all the force components are calculated using the established relation . Total time average of propulsion, lateral and levitation forces, , , for unit length of the infinitely long rotor are calculated as:
RESULTS AND DISCUSSION
The above numerical method of solution is applied to predict the various components of flux density and forces for the model under consideration (Chattopadhyay, 1997 
Flux density distribution:
The plots of peak values of (due to stator current) based on Eq. (50) to (54) with respect of z, (i) just on the stator surface and (ii) at a height of 2.1 cm form the stator surface are shown in Fig. 3 for a stator phase current of 12A (R.M.S) which gives a stator linear current density of 360 A/cm. The experimentally found flux density distributions (by using the search coil and mill-voltmeter) are also shown on the same figure. The distributions are quite close to each other.
For the same stator current, the total flux density distribution, on the rotor surface ( ′ = 2.1 cm) for unity slip is shown in Fig. 4 . From this figure, it can be seen that distribution is similar to -distribution but has undergone some attenuation due to presence of rotor currents.
Distribution of with 'z' for a stator phase current of 12A (R.M.S) is shown in Fig. 5 . In the same figure, the variation of total flux density, (both due to stator and rotor currents) at unity slip is also shown. Once again -distribution is similar to distribution but it has undergone some attenuation.
The distribution of at a height of 0.725 cm, against z is also shown in Fig. 6 . The corresponding measured values are also plotted in the same graph. It can be seen that there is a good correlation between the two values. The total flux density, distribution is once again similar to distribution but very much attenuated due to increased distance from the stator surface and rotor currents.
Rotor current distribution:
values are calculated at different grid points on the rotor sheet at any chosen slip (say s = 1) for a rotor height of 2.1 cm above the stator surface. The complex values of are multiplied by to obtain the instantaneous value, of :
By choosing the time instant as zero, values are calculated at different grid points and constant contours are plotted (Fig. 7) over a distance of two pole pitches along the rotor. 
CONCLUSION
In the present study, analysis of a SLIM with a stator and rotor of finite width has been presented. The finite width of the rotor gives rise to peripheral currents in addition to the axial currents which are simultaneously reduced in length. The mathematical formulation and calculation of the fields due to infinitely long but finitely wide stator has been done using special function (Hankel Function) for faster numerical convergence. An integro-differential equation involving the stream function ( ) has been formulated to account for the reaction effect due to the induced currents in the rotor. As the rotor like the stator, is assumed to be infinitely long, the same Hankel function approach has been used for quick solution of . Based on values, flux density components due to rotor current have been calculated. Finally the analysis leads to the evaluation of flux density distributions, current contours on the rotor sheet and the propulsion, levitation and lateral forces on the rotor. The observed flux density distributions and the measured forces (at unity slip) in the experimental model have shown reasonable agreement with the corresponding calculated values. The lateral force, which is zero for zero offsets, increases with the rotor offset indicating that the rotor is inherently unstable in the lateral direction.
Finite Width considerations become a major factor in cases like deciding the weight of the rotor where length and width of the rotor can be compromised. Larger the weight of rotor, more current it will draw from the source, so as to make it stable in the ydirection. Since the source capacity (rating) is limited, development of such model in laboratory becomes crucial, regarding the geometrical dimension factor.
